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Oriented Generalized m-Spheres

Definition (Generalized m-sphere)

A generalized m-sphere is an m-sphere or a hyperplane in R™+1.

A generalized 1-sphere is a circle (1-sphere) or a line in R2.
A generalized 2-sphere is a sphere (2-sphere) or a plane in R3.
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Oriented Generalized m-Spheres

Definition (Generalized m-sphere)

A generalized m-sphere is an m-sphere or a hyperplane in R™+1.

A generalized 1-sphere is a circle (1-sphere) or a line in R2.
A generalized 2-sphere is a sphere (2-sphere) or a plane in R3.

Definition (Positively oriented)

An oriented m-sphere S is positively oriented
<= the interior of S contains the center of S.
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Inversive Coordinates

Given an oriented generalized m-sphere S, we define the following:
@ If S is not a hyperplane, then the bend 3(S) of S is
1/(radius of S), taken to be positive if S is positively oriented
and negative otherwise.
If S is a hyperplane, then its bend is 5(S) = 0.
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Inversive Coordinates

Given an oriented generalized m-sphere S, we define the following:
@ If S is not a hyperplane, then the bend 3(S) of S is
1/(radius of S), taken to be positive if S is positively oriented
and negative otherwise.
If S is a hyperplane, then its bend is 5(S) = 0.

o The co-bend 3(S) of S is the bend of the reflection of S in
the unit m-sphere.
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Inversive Coordinates

Given an oriented generalized m-sphere S, we define the following:

@ If S is not a hyperplane, then the bend 3(S) of S is
1/(radius of S), taken to be positive if S is positively oriented
and negative otherwise.
If S is a hyperplane, then its bend is 5(S) = 0.

o The co-bend 3(S) of S is the bend of the reflection of S in
the unit m-sphere.

o If S is not a hyperplane, then the bend-center £(S) € R™+! of
S is the product of the bend 5(S) and the center of S.
If S is a hyperplane, its bend-center is the unique unit normal
vector to S pointing in the direction of the interior of S.
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Inversive Coordinates

Given an oriented generalized m-sphere S, we define the following:

@ If S is not a hyperplane, then the bend 3(S) of S is
1/(radius of S), taken to be positive if S is positively oriented
and negative otherwise.
If S is a hyperplane, then its bend is 5(S) = 0.

o The co-bend 3(S) of S is the bend of the reflection of S in
the unit m-sphere.

o If S is not a hyperplane, then the bend-center £(S) € R™+! of
S is the product of the bend 5(S) and the center of S.
If S is a hyperplane, its bend-center is the unique unit normal
vector to S pointing in the direction of the interior of S.

@ The inversive coordinates of S is the ordered triple

(B(S), B(S),£(S)).




Inversive Coordinates Example 1
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Inversive Coordinates Example 1
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Inversive Coordinates Example 1
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Inversive Coordinates Example 1

R?
° B(S)=}
VA i N\ o 3(S)=6
: ° () = 3(4,0)=(2,0)
N 4 ~2+0i=2
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Inversive Coordinates Example 2
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Inversive Coordinates Example 2
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Inversive Coordinates Example 2
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Inversive Coordinates Example 2
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Inversive Coordinates Uniquely Describe an Oriented
Generalized m-Sphere

For an oriented m-sphere S,
@ the radius of S'is |1/5(S)|
@ the center of S is £(S)/5(S)
@ the orientation of S is indicated by the sign of 3(S)
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Inversive Coordinates Uniquely Describe an Oriented

Generalized m-Sphere

For an oriented hyperplane S,

@ £(S) is the unit normal vector to S pointing in the direction of
the interior of S.

S
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Inversive Coordinates Uniquely Describe an Oriented
Generalized m-Sphere

For an oriented hyperplane S,

@ £(S) is the unit normal vector to S pointing in the direction of
the interior of S.

° @5(5) is the closest point on S to the origin

=
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For an oriented generalized m-sphere S, we have

B(S)B(S) — |&(S)I? = 1.
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For an oriented generalized m-sphere S, we have

B(S)B(S) — |&(S)I? = 1.

Proof sketch:

o If S is a hyperplane, then statement is true.
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For an oriented generalized m-sphere S, we have

B(S)B(S) — |&(S)I? = 1.

Proof sketch:

o If S is a hyperplane, then statement is true.
o If Sis an m-sphere, solve for 3(S) in terms of 5(S) and £(S).
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Mobius Transformations and Inversive Coordinates on C

Theorem (Stange, 2017)

Let

- <j Z) € SL(2,C).

Then S = g(R) has the following inversive coordinates:
o bend B(S) = i(cd — d¢)
e co-bend 3(S) = i(ab — b3)
o bend-center £(S) = i(ad — b<)
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Mobius Transformations and Inversive Coordinates on C

Example
R2
g:<2f’ 1II>€SL(2,C). 5

Then g(]li) has the following inversive coordinates:

o B(S)=i(il—-1i)=-2
0o B(S)=i(+N1-i)—1—-)2+i)=—6
0 &((S)=i((2+N1—(1—i)i)=—-2+3i
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Mobius Transformations and Inversive Coordinates on C

e What about g(C) for an arbitrary generalized circle C?
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Mobius Transformations and Inversive Coordinates on C

e What about g(C) for an arbitrary generalized circle C?

@ What about spheres in higher dimensions?
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Clifford Algebras

Definition
The Clifford algebra C, is the real associative algebra generated by
m elements iy, ip, . .., Im Subject to the relations:

0 i7=-1(1<{<m)
J I'hl'g:—l'gl.h (1§h,€§m, h;ﬁe)
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Clifford Algebras

Definition
The Clifford algebra C, is the real associative algebra generated by
m elements iy, ip, . .., Im Subject to the relations:

0 i7=-1(1<{<m)
J I'hl'g:—l'gl.h (1§h,€§m, h;ﬁe)

Examples (Some Elements in Cp,)

e l+in+nihe G
@ 2+ iihiz € C3
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
/

where the sum ranges over all products | = iy iy, - - - iy,
1< << ---<ve<m, a €R, and empty product
allowed
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
/

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
/

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R

Edna Jones Mobius Transformations, Bends, and Centers



Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
/

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
I

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R

Examples (C,, for some m)

o C():]R
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
I

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R

Examples (C,, for some m)

o C():]R

o (1 =2C,z0+z1ih &> 20+ z1i
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
I

where the sum ranges over all products | = iy iy, - - - iy,

1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R

Examples (C,, for some m)

J C():]R
o 1=2C, nn+z111 ¢ 20+ z1i

o G =M, zg+ z1ih + zoio + z12i1kp < 20 + 211 + 2z0j + z10k
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Clifford Algebras

@ Every a € G, can be expressed uniquely in the form
a= Z arl,
I

where the sum ranges over all products | = iy iy, - - - iy,
1< << ---<ve<m, a €R, and empty product
allowed

e norm |a]? =Y, a7

@ C,, is a vector space of dimension 2™ over R

Examples (C,, for some m)

J C():]R
o 1=2C, nn+z111 ¢ 20+ z1i

o G =M, zg+ z1ih + zoio + z12i1kp < 20 + 211 + 2z0j + z10k
) C3 “HoeH
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl

anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y

automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ :a—a=(a) =(a%) B o
anti-automorphism: (a+ b) = 3+ b and ab = b3
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ :a—a=(a) =(a%) B o
anti-automorphism: (a+ b) = 3+ b and ab = b3

Example
a=1+2i1+3hb
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ :a—a=(a) =(a%) B o
anti-automorphism: (a+ b) = 3+ b and ab = b3

Example
a=1+2i1+3hb
@ a* =142/ +3ihiit =1+4+2i1 —3i1ip
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Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ :a—a=(a) =(a%) B o
anti-automorphism: (a+ b) = 3+ b and ab = b3
Example
a=1+2i1+3hb
@ a* =142/ +3ihiit =1+4+2i1 —3i1ip
e ad=1-2i+ 3(*1.1)(*1'2) =1-—2i+ 3k

Edna Jones Mobius Transformations, Bends, and Centers



Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ :a—a=(a) =(a%) B o
anti-automorphism: (a+ b) = 3+ b and ab = b3
Example
a=1+2i1+3hb
@ a* =142/ +3ihiit =1+4+2i1 —3i1ip
e ad=1-2i+ 3(*1.1)(*1'2) =1-—2i+ 3k
@ a=1-—2i1 —3ik

Edna Jones Mobius Transformations, Bends, and Centers



Involutions on Clifford Algebras

Q " each iy hy, - iy oy iyl
anti-automorphism: (a + b)* = a* + b* and (ab)* = b*a*
Q@ " each iy — —y
automorphism: (a+ b) = a’ + b’ and (ab)’ = a'b
Q@ a—a=(a)=(a" B o
anti-automorphism: (a+ b) = 3+ b and ab = b3
Example
a=1+2i1+3hb
@ a* =142/ +3ihiit =1+4+2i1 —3i1ip
e ad=1-2i+ 3(*1'1)(*1'2) =1-—2i+ 3k
@ a=1-—2i1 —3ik
0 |a?=12+22+32=14=23=23a
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Clifford Vectors

Vimi={vo+viii+ -+ Vmim} ~ RMHL
v0+v1i1+---+vmim<—>(vo,vl,...,vm)
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Clifford Vectors

Vimi={vo+viii+ -+ Vmim} ~ RMHL
v0+v1i1+---+vmim<—>(vo,vl,...,vm)

—

Vi = Vip U {oo} @ R™1U {00} = RmHL
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Clifford Vectors

Vimi={vo+viii+ -+ Vmim} ~ RMHL
V0+V1i1+"'+vmim<_>(V07V17"°7VI7'I)

—

Vi = Vip U {oo} @ R™1U {00} = RmHL

Some properties of Clifford vector v € V,:

e vi=yv
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Clifford Vectors

Vimi={vo+viii+ -+ Vmim} ~ RMHL
V0+V1i1+"'+vmim<_>(V07V17"°7VI7'I)

—

Vi = Vip U {oo} @ R™1U {00} = RmHL

Some properties of Clifford vector v € V,:
o vi=v

o v=1V
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Clifford Vectors

Vimi={vo+viii+ -+ Vmim} ~ RMHL
V0+V1i1+"'+vmim<_>(V07V17"°7VI7'I)

—

Vi = Vip U {oo} @ R™1U {00} = RmHL

Some properties of Clifford vector v € V,:
o vi=v
ov=1V

o |[v2=vi=vv
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Clifford Group

lV|? = vi = v

= nonzero vectors are invertible with v=! = #/|v|?
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Clifford Group

lV|? = vi = v
= nonzero vectors are invertible with v=! = #/|v|?

= Clifford group Iy, := {products of nonzero vectors} is a
multiplicative group
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Clifford Group

lV|? = vi = v
= nonzero vectors are invertible with v=! = #/|v|?
= Clifford group Iy, := {products of nonzero vectors} is a

multiplicative group

Some properties of the Clifford group Iy, a, b €

o |a?=a3=3a
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Clifford Group

lV|? = vi = v
= nonzero vectors are invertible with v=! = #/|v|?
= Clifford group Iy, := {products of nonzero vectors} is a

multiplicative group

Some properties of the Clifford group Iy, a, b €
o |a?=a3=3a

e al=23/a]
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Clifford Group

lV|? = vi = v
= nonzero vectors are invertible with v=! = #/|v|?

= Clifford group Iy, := {products of nonzero vectors} is a
multiplicative group

Some properties of the Clifford group Iy, a, b €
o |a?=a3=3a
e al=23/a]

o |ab| = |a]|b]
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Clifford Matrices

Definition

For g = (i 3> with a,b, ¢, d € Cm, define the

pseudo-determinant A(g) as

A(g) = ad™ — bc™.
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Clifford Matrices

Definition

For g = (i 3> with a,b, ¢, d € Cm, define the

pseudo-determinant A(g) as

A(g) = ad™ — bc™.

GL(2, Cpn) = {g - (j 3) cab,c,d € TpU {0},

ab*7 Cd*’ C*aa d*b € va A(g) € R \ {0}}
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Clifford Matrices

Definition

For g = (i 3> with a,b, ¢, d € Cm, define the

pseudo-determinant A(g) as

A(g) = ad™ — bc™.

GL(2, Cpn) = {g - (j 3) cab,c,d € TpU {0},

ab*7 Cd*’ C*aa d*b € va A(g) € R \ {0}}
For g, h € GL(2, C), A(gh) = A(g)A(h).
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Clifford Matrices and Mobius Transformations

GL(2, Cm) : Vi — Vi
z—g(z) = (az+ b)(cz+ d) 1,

a b
g= (C d) € GL(2, Cn)
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Clifford Matrices and Mobius Transformations

GL(2, Cm) : Vi — Vi
z—g(z) = (az+ b)(cz+ d) 1,

a b
g= (C d) € GL(2, Cn)

Also act on V,\,,:
SL(2,Cn) :={g € GL(2,Cp) : A(g) =1}

PSL(2, C) == SL(2, Cm)/ {i <é 2)}
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Clifford Matrices and Mobius Transformations

Theorem (Ahlfors, 1985)
The group PSL(2, Cp,) is isomorphic to the group of

orientation-preserving Mébius transformations on Rm+1. The
group PSL(2, Cp,) is generated by the matrices

G 7)o 2) (G o)

withael,, and b € V,,.
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Clifford Matrices and Mobius Transformations

Theorem (Ahlfors, 1985)
The group PSL(2, Cp,) is isomorphic to the group of

orientation-preserving Mébius transformations on Rm+1. The
group PSL(2, Cp,) is generated by the matrices

G 7)o 2) (G o)

withael,, and b € V,,.

Corollary

The group SL(2, Cp,) is generated by the matrices

G 7)o 2 (5 o)

withael,, and b€ V,,.
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Clifford Matrices and Mobius Transformations

<a 0 ) 1z +— aza*
0 (a"‘)_1 '

corresponds to a rotation associated to a followed by a dilation by
2
El

Y
Oy
o
—~~
L o
SN—r
L
~~
—
n
N—r
|
T
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Clifford Matrices and Mobius Transformations

2 0 1 Z > aza®
0 (a*)7t) -
corresponds to a rotation associated to a followed by a dilation by

|af?.

Mobius Transformations, Bends, and Centers
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Clifford Matrices and Mobius Transformations

1 b
(O 1>.Zl—>2+b

corresponds to a translation by b.

e =
S
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Clifford Matrices and Mobius Transformations

0 1 sz —z7 1
-1 0/)° '

corresponds to a reflection in the unit m-sphere followed by a
reflection in the hyperplane z, = 0.
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Clifford Matrices and Mobius Transformations

0 1 sz —z7 1
-1 0/)° '

corresponds to a reflection in the unit m-sphere followed by a
reflection in the hyperplane z, = 0.
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Inversive-Coordinate Matrix

Definition

Given an oriented generalized m-sphere S, the inversive-coordinate
matrix of S is the 2 X 2 matrix

s (B9 49

£(5) B(S)
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Inversive-Coordinate Matrix

Definition

Given an oriented generalized m-sphere S, the inversive-coordinate
matrix of S is the 2 X 2 matrix

s (B9 49

£(5) B(S)
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Inversive-Coordinate Matrix

Definition

Given an oriented generalized m-sphere S, the inversive-coordinate
matrix of S is the 2 X 2 matrix

Ve <B(5) s(s>) |

£(5) B(S)

o (Ms)T = Ms

o A(Ms) = 3(5)(5(5))* —£(S)(£(S))* = —1 since
B(S)B(S) — ()P = —1
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Inversive Coordinates Example 1

R?
° B(S) =3
o 3(S)=6
AN e e(5) =140 (2.0)
S ~24+0i=2
NUP% o Ms—(° 2
ve=(5 1)
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Inversive Coordinates Example 2

2
R e 5(S)=0
o 3(S)=2
$ 0 £(S)=(0,1)~0+i=i
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Mobius Transformations and Inversive-Coordinate Matrix

Theorem (J., 2020)

The group SL(2, C,) acts on the set of inversive-coordinate
matrices by

g.M:=gMg"'

for an inversive-coordinate matrix M and g € SL(2, C,). The
group action of SL(2, Cy,) on the set of inversive-coordinate
matrices is equivalent to the group action of SL(2, Cy,) on the set
of oriented generalized m-spheres. That is, if S is an oriented
generalized m-sphere and g € SL(2, C,), then

Mg(S) = g.Ms.

Extends works that Sheydvasser did for m = 2 in 2019.
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Proof Outline

@ Check that g.M = gMg" is a group action of SL(2, C,) on
the set of inversive-coordinate matrices.
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Proof Outline

@ Check that g.M = gMg" is a group action of SL(2, C,) on
the set of inversive-coordinate matrices.

10
° (O 1).l\/l_l\/l
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Proof Outline

@ Check that g.M = gMg" is a group action of SL(2, C,) on
the set of inversive-coordinate matrices.

10
° (O 1).l\/l_l\/l

o (gh).M = (gh)M(gh) = g(hMh )g' = g.(h.M) for
g, heSL2,Cy)
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Proof Outline

@ Check that g.M = gMg" is a group action of SL(2, C,) on
the set of inversive-coordinate matrices.

10
° (O 1).l\/l_l\/l

o (gh).M = (gh)M(gh) = g(hMh )g' = g.(h.M) for
g, heSL2,Cy)

© Verify that M, sy = g.Ms for any oriented generalized
m-sphere S and for any generator g of SL(2, Cp,).
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Proof Outline for Translation z+— z+ b

(1 b . _ (B ¢
g—<0 1> for some fixed b € V), and MSO—<§ 5)

g:z—z+b

v+b
So
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Proof Outline for Translation z+— z+ b

(1 b . _ (B ¢
g—<0 1> for some fixed b € V), and MSO—<§ 5)

g:z—z+b

v+b
So

= B0
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Proof Outline for Translation z+— z+ b

(1 b . _ (B ¢
g—<0 1> for some fixed b € V), and MSO—<§ 5)

g:z—z+b

v+b
So

= [+~ fJand £ — £+ [b.
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Proof Outline for Translation z+— z+ b

(1 b , (B ¢
= <0 1> for some fixed b € V,;, and Mg, = <§ 5)
g:z—z+b

v+b
So

— fB+— Jand £ — £+ [b.

If 8 # 0, we can apply 3(S)5(S) — |€(S)|2 = —1 and see that
B B+ bE+ b+ BlbP.
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Proof Outline for Translation z+— z+ b

(1 b , (B ¢
= <0 1> for some fixed b € V,;, and Mg, = <§ 5)
g:z—z+b

v+b
So

= B~ fJand £ — &+ b,

If 8 # 0, we can apply 3(S)5(S) — |€(S)|2 = —1 and see that
B B+ bE+ b+ BlbP.

If 5 =0, we can use the fact that @5(5) is the closest point on a
hyperplane S to the origin and see that 3 — [ + b¢ + &b + B|bJ2.
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Proof Outline for Translation z+— z+ b

g = <é [1)> for some fixed b € V,,.

g:z—z+b o B
= B—=0, {—=E{+Pb {4 Bb,
B+ B+ bE+ &b+ Blb|2.
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Proof Outline for Translation z+— z+ b

g = <é [1)> for some fixed b € V,,.

g:z—z+b
= B0, &=+ p8b, £ &4 b,
B+ B+ bE+ &b+ Blb|2.

We verify that g induces the same mapping on the
inversive-coordinate matrix:

s =avss” =0 1) (¢ 5) (5 3)

_ (3 +bE+Eb+ BB £+ 6’b>
£+ b 8
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Mobius Transformations and Inversive Coordinates on C,,

Corollary (J., 2020)

Let
a b
g = (c d) € SL(2, Cn),

and let So be an oriented generalized m-sphere with an
inversive-coordinate matrix

b 5)
Ms, = (= .
> (5 8
Then g(So) has the following inversive coordinates:
o bend B(g(S0)) = Blc|? + d€c + c&d + B|d|?
o co-bend 3(g(So)) = Blal? + b€a + atb + B|b|?
@ bend-center £(g(So)) = affc + bEc + atd + bBd
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Mobius Transformations and Inversive Coordinates on C,,

Define V,,_1 be the oriented hyperplane with the
inversive-coordinate matrix

0 in
My.= = <_,-m 0)'
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Mobius Transformations and Inversive Coordinates on C,,

Define V,,_1 be the oriented hyperplane with the
inversive-coordinate matrix

0 in
My~ = (—im 0) ‘
Corollary (J., 2020)

Let g = (i Z) € SL(2, Cp).

Then S = g( \7,,,:) has the following inversive coordinates:
e bend 3(S) = cipd — dinC
o co-bend 3(S) = aipb — bina
o bend-center £(S) = aimd — bip€

e m =1 is Stange's result.

@ m = 2 done by Sheydvasser.
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Thank you for listening!
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